ON THE COEFFICIENTS OF CERTAIN MODULAR
FORMS BELONGING TO SUBGROUPS OF
THE MODULAR GROUP*

BY
HERBERT S. ZUCKERMANt

1. Introducton. The Fourier coefficients of modular forms F(r) of posi-
tive dimension have been determined} for the case in which F(7) belongs to
the full modular group. It is the purpose of this paper to generalize some of
those results to the case where F(r) belongs to an arbitrary subgroup of the
modular group subject to certain restrictions.

By F(r) belonging to a subgroup v we mean that F(r) is analytic in the
upper half-plane I(r) >0 and that F(r) satisfies a transformation equation

(1.11) F(7') = e(— i(cr + d))"'F(1)
for every transformation
b
(1.12) p=
cr+d

of 7. In (1.11) r, which we shall assume throughout to be positive, is the di-
mension of F(7) and e=e¢(a, b, ¢, d) is of absolute value one and depends only
on the transformation (1.12). If ¢0 we take ¢ >0, assign

(1.13) - % < arg (— i(er + @) < %

and define (—i(cr+d))" as |cr+d |- exp { —ir arg (—i(cr+d))}.

In the case of the full modular group, a Fourier expansion for F(r) was
found by considering a parabolic transformation which had infinity as fixed
point. In the case of a subgroup ¥ we must consider a set of parabolic trans-
formations such that no two of the fixed points of the transformations are
equivalent under 4. For these fixed points we take parabolic vertices of a
fundamental region of 4. The expansions corresponding to the point at in-
finity are simpler than those corresponding to finite points. However, in gen-
eral, the fundamental region will have more than one parabolic point; so

* Presented to the Society, February 26, 1938; received by the editors February 17, 1938.
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t H. Rademacher and H. S. Zuckerman, On the Fourier coefficients of certain modular forms of
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some finite points will have to be considered. In order to be able to treat all
the expansions symmetrically, we choose a fundamental region which does
not have the point at infinity as a vertex. We then show, in §3, that F(r) has
a set of expansions of the form

(1.2) F(r) = (— i(r — P)rae . an'a" = (— i(r — P,))ra=of,(=),

x=exp{—21ri/c,(‘r—P,,)}, g=12-...5,

corresponding to the parabolic points P,.

In order that s in (1.2) be finite we assume that # is of finite index in the
full modular group. This is the only restriction that we place on y. We make
use of the fact that the subgroup is defined by its fundamental region and
hence do not need any arithmetical characterization of it. That is, the exist-
ence in v of all the transformations which we use is an immediate conse-
quence of the form of the fundamental region.

To the conditions that 7 is positive and that F(r) is analytic for I(r) >0
we add the restriction that F(r) shall have only polar singularities, measured
in the uniformizing variable x of (1.2), at the points P,. That is, we assume
that only a finite number of ¢.®@ with negative m are different from zero. In
§85 and 6 we find expressions for the a,@ for m >0 in terms of the ¢,@ for
m <0.

The expansions (1.2) which we obtain are Fourier expansions in the vari-
able (r—P,)~1. These expansions can be transformed into usual Fourier ex-
pansions in the variable 7. We consider any transformation of the full modu-
lar group

A B
(1.31) O
Cr+D
and write
(1.32) F(r') = ¢*(— i(Cr + D))~"F*(7)

where F*(r) depends on the choice of the transformation (1.31) as wellason 7.
In §3 we find an expression, (3.23), for F*(7) in terms of the f,(x) which is,
in fact, a usual Fourier expansion in 7 since, by definition, we have

fo@) = Tan's"
In particular, we can obtain a usual Fourier expansion for F(r) itself by choos-
ing the identity transformation for (1.31).
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In §7 we specialize the results of §§5 and 6 to the case of a particular sub-
group, evaluating all the constants which depend only on the choice of v.
In §8 we consider the function 3(0 |7)~! which belongs to the subgroup of §7.
From the F*(r) of (1.32) we then get expansions for 92(0 |7)~2, 85(0 |r)~!, and
340 |7)~1. This particular function is considered because it was partially
treated by Hardy and Ramanujan.f They considered only the expansion
of 94(0 |r)~! and obtained results which compare with ours in the same way
as their results for the partition function compare with those obtained by
Rademacher.f

2. The fundamental region. We choose a fundamental region R of ¥ which
we shall keep fixed throughout the discussion. Although we could use any
fundamental region, we find it convenient, for symmetry, to choose one that
does not have the point at infinity as a vertex. This choice is clearly possible
since the subgroup 7 is of finite index. Such a region R can be obtained from
a fundamental region R’ of v, which has the point at infinity as a vertex, by
subjecting R’ to a transformation of 4 which takes the point at infinity into
a finite point and which does not take any of the finite vertices of R’ into in-
finity.

Under v every real rational point transforms into a real rational point or
infinity. Since every real rational point is equivalent to a point of R, we see
that each is equivalent to a real rational point of R. Also every real point of R
is a parabolic vertex; so we see that every real rational point is equivalent
under v to a parabolic vertex of R.

Some of the parabolic vertices of R may be equivalent under v thus form-
ing cycles of more than one vertex. We pick out a representative vertex from

each cycle and name the vertices Py, P,, - - -, P,. Since the P, are real
rational points, we can write
P
(2'1) P0=—q'—’ (Pﬂ)qll)=1? Qa>0, g=1,2,"',5.
g

3. The functions f,(x). Corresponding to each parabolic vertex P, there is
a transformation of ¥ which may be written

1 1

‘r’,—P‘,—‘r—P‘7

(3.11) + ¢q, cg > 0.

Putting this transformation in our standard form, we have

t Asymptotic formulae in combinatorial analysis, Proceedings of the London Mathematical So-
ciety, (2), vol. 17 (1918), pp. 75-115; also S. Ramanujan, Collected Papers, pp. 276-309.

t On the partition function p(n), Proceedings of the London Mathematical Society, (2), vol. 43
(1937), pp. 241-254.
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o= 67UgoCopo + qF)T — 5P
- )
67lglcor + 67Hgd — copodo)

where & =(g,6,00+45, G, 48 €0, 9F — Cobos) = (¢, ¢;). However this is a mod-
ular transformation; so its determinant is unity. Hence we have

g — ¢’ plel tclples =87 6= =1 4qf;
so g2 divides ¢, and we may write the transformation in our standard form as

_ (coPy+ 1)1 — c P2
c,r+1—¢,P,

T,

Then, by (1.11), we have
F(r') = e(— i(com + 1 — ¢,P,))~'F(),
or, writing T = (r—P,)", T'=('=P,)*=T+c,,

1 A AN\ /1
(o) ) o o),

1 o (M(THce))r /1
F P,)=eerirr 2= 2% p(— 4 p ).
(T+c.,Jr ) < GT)— (T + )

Defining o, by ee*ir2=¢27ix (0 <0, <1), we have

2wia, 1
exp { (T+c,>}(i(r + c.,»fF(T ot P.,)

Cy
2wiag . 1
= exp { T} (zT)’F(— + P,)
Cy T

and therefore obtain a Fourier expansion

2w 1 2ximT
exp{ w0, T}(iT)'F(?-F P,) - Za'(:) exp {_ TIm }

Cg Co

or, going back to the variable 7,

2ria 1 i - 2mwim 1
F(r) = exp {— ? } ( ) Za,(:) exp {— }
¢, T—P, - P,] ‘a c, T— P,

(9) m

= xoo(— i(r — Pa))rz an X

with x=exp { —2mi/(c,(r—P,))}. We place the restriction on F(r) that only
a finite number py, of terms have negative exponents and write
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F(r) = (— i(r — P,))rzw f: as" = (= i(r — P,))rx%ef (%),

Mss

{ 2% } 12 :
x = ex - — =12,:---,5.
P co(r — P,) ’ g ,

The functions f,(x) are regular inside the unit circle except, when u, >0, for
poles of order u, at x=0. The functions

(3.12)

(3.13) Py(x) = ag,‘:x_“’ +--- 4+ a(_';)x—l, g=1,2,---,s,

are the principal parts of the f,(x) at x =0. We understand P,(x) to be zero
if u,=0.

In the following sections we shall determine the ¢ in terms of the con-
stants of (1.11) and (3.13). The functions F*(7) of (1.32) are then found as
follows. We consider the point 4/C where A and C are the coefficients of 7
in (1.31). If C0 we take C >0 and the point is a real rational point. If C =0
the point is the point at infinity. In either case 4/C is congruent to some
parabolic vertex P; of R, where / is determined by 4/C and hence by the
transformation. Therefore we can find a transformation

b
(3.21) 1"-—-—0—111_'—1: az0,
arT + dl
of ¥ which takes P, into the point 4 /C. That is
Gipg +byg, A4
apy + dyg, c’
hence
(3.22) a;p,, + blq, = ICA, Clp, + dlqo = KC.

Solving these equations for p, and ¢,, we have
po = x(4d: — Cb)), 4o = «(Ca1 — Acy);

then, since (p,, ¢;) =1, we have k= +1. Using these equations and the fact
that the determinant of (3.21) is unity, we find

kﬁ,‘f + dlB bt bl
ay + bl
ATt + B kg7 + 1D — B
Cr+ D (KP,,T + d,B — blp)
C1 dl
kg, + a,D — B

’

then, by (1.11), we obtain the relation
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A7 + B [ (xpr+ d1B — b,D) ))-
F = b a) | — d
(C‘r + D) los, by o 1)( z(CI(Kq,‘T + aiD — 1B ta

F(Kp,‘l‘ + dlB - 61D>
kqoT + a1D — 1B '

Now applying (3.12) to the function on the right and simplifying, we obtain

F (AT+B) (o0 b ) { rif} {21
= ¢(ay, by, €1, d1) €x —rex
Cr+p) ~ SopIn AR KT Ty exP

¥
2

ag(@D — clB)}

-emwmmrm{

P

wir 27ig,
= é(dl, bl, c1, dl) €xp {K T} €xp { a,(alD - ClB)}

%
o f

- (9) 27"
. Qm €XP {x m(alD — ¢aB)
mem—pt, Cq

«4@+mwrm{

“fo (exp {x 2t o 2 (@D — clB)}

therefore we have

2wigd
F*@7) = ¢4 exp{ L0 a,-r}
c

g

2wi 27ig }
“fo (exp {x ke L (a1D — clB)} exp { ke ‘r}),
Cq Cq

. wir 2wig,
(3.24) € = 6(01, bl, C1, dl) €xp KT €xXp 4K

Co

7))

(3.23)

ay(a.D — clB)} .

4. The transformation equation. In order to make use of the transforma-
tion equation (1.11) in the next section we shall need it in a special form.
We consider all rational real nonnegative numbers h/k, (kh, k)=1, k>0,
h20. Then by (3.12) we have, with r=P,—k/(c,(iz+4)),

o (s ) - )
' (c,(z k— ih))_rF (P o= %(,z%h))

(4.11)
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Now P,—k/c,h is a real rational point and hence is congruent under v to some
parabolic vertex Py of R where 8=p(k, k, g). Then there is a transformation

of v,
ar+ b

c-r+d,

’

where a, b, ¢, and d are determined, although not uniquely, by 4, %, and g,
which takes P,—k/c,k into Py, that is,

R

We have seen that g2 divides ¢,, so we have

¢
a(—”— poh — k) + begh = onips,
(4.13) 2o
(2] ©)
C(— Pgh - k) + dcgh = Oh,kq8-
9o
From these equations and the fact that % and % are relatively prime, it follows
that o(,,",), divides ¢;, which implies

(4.14) — S r Sy, ona =0,

Using this transformation we have by (1.11)

O RGO G Cor=a)))
(r )

@15 | -

(e(n) (_ co(cPy + d)iz + 01. kQﬂ)
c,(iz + k)

kcytz
F Pﬂ + (9) . (9) >’
on,k98(¢o(cP, + d)iz + on,xgs)

where €2 =¢(a, b, ¢, d), the € of (1.11) associated with the transformation
determined by (4.12). We now apply the Fourier expansion (3.12) to the
function on the right in (4.15), combine it with (4.11), and obtain after some
simplification
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fo (exp {Zwi (% + iz)})
= (an)™ exp {(1 — 5ad) 1;:}

(9)
2wi P,+d
(4.2) exp {_ :1<a0h +a;..kqa(c o+ )aﬂ)}
e

€y >'ex {21r ( . ap(a(;a)zqu 1)}
N g — 22F T 2
’”ﬁfg I g8 P E\ "’ sy P4
(9)
2 . (onip)ge 1
-f,(exp {— k_(V;:’IZQﬂ(GPa + d)i+ (;._q__ —z-)})

8 Cg

where §{s=—1 if ¢{2>0 and §J=1 if oy2<0. The factor involving &,

arises because we have combined three factors into the single factor
(cez/ (1o ga))".
In order to simplify the notation we write (4.2) as

-

(o ori G+ 9)))

(4.31) (o)
(@ . 2r(oni)ge 1
= Qh?k‘I’h:’I:(z)fﬁ (CXP{thz e — _})) B = ﬂ(hy k: g)’
kcgeq z
where
ir
0 = (4 e — ol 2}
4.32
( ) 27t @ U;.,ka(CPg + d)ap .
cexp 4 — —| ak+ ,
k (7}
(0 ¢z \" 2r as(a(:.l)qu’ 1
oo ot = (o e 2 1),
o] gs k cacq 3z
2
(4.34) G = — —k-:— onags(cP, + d).
7

We note that |Q) | =1 and that G, is real.

5. A convergent series for ¢,. In the following we shall let Z,,’f, desig-
nate a sum over all 4 and % such that 0<A<k <N and (4, k) =1.

We let NV be a positive integer and have by Cauchy’s theorem

(0 _ L fo(®)

n - .
2xid  gmt?

dx
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where we take the integral over the circle |x|=¢-2*¥"" in the positive direc-
tion. We make the usual Farey dissection, of order N, of the circle and set

x = exp { — 2xN-% + 2xi(h/k).+ 2xip}
on the arc corresponding to #/k. We then have

29 X[ folexp {— 2aN-2 + 2xi(h/k) + 2xig})
" 4iJ e exp {— 2aN-n + 2xi(nh/k) + 27ing)

¥ h
= exp {ZwN—zn} > exp {— 2win —k-}

h,k

I e P et

where 6’ and 6'’, which depend on % and %, determine the end points of the
Farey arcs. Equation (4.31) now yields the result

) Y o .k " (@ .
an = exp {2aN-2n} Qs exp {— 2win 7} Yy (B(N-2 — ig))
b,k -0’
(5.1) (o)
(0 27 (on,i)%s 1 }) .
. G y — — 2
fe (exP{ e kescs (N2 — ig)f ) TP (= 2ring}ds

with B=8(k, k, g).
Now fs(x) is dominated by its principal part Ps(x) near x=0; so we put

Dy(x) = fo(z) — Po(x) = X am 4"
m=0
and split (5.1) into two parts
(5.21) a'(‘a) = Q(a)(”) + R(ﬂ)(n),

where

(@ AN .k
Q ‘(m)= exp{21rN 2n} Z Qp.x €Xp § — 27in 7
ok

e

(5.22) Vi, (R(N~2 — ig))
_‘l
IS ( {G(n). 27 (onn)’gs? 1 }) (= 2ring)dé
-Pgle - exp | —
8\ €xp bk koo, BN — ig) P LK <

and where R@ () is given by
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) Y. @ .k )
R (n) = exp{2xN-n} D Q.. exp {— 2mwin —k—} f Wk (B(N2 — i9))
h,k

(9)
2x(on,k)3qs® 1
-Dg (exp {G:’zz v(oh.+)'gs - })

kogcy k(N7 — ig)

(5.23)

-exp { — 2wing }de.

We can now make an estimate of R@ (). From the theory of Farey frac-
tions we have

1 1 1 1
(5.3 — << ’ — <0 <—;
2kN kN 2kN kN

hence for —6’'<¢ <6’’ we have
1 k
R(E(N-2 — ig)) = kN-?, R(——m8m8)=—,
(B2 — ig)) (om=s)2 3
| k(-2 — ig)| < 212N,
Using these results we find, by (4.33),

Y @, 2n(on)gt 1
w2091 — iony (exp {6 - TR )|

: (9)
o wag(on,k)’gs
= -I—;“:W;Z"’N" exp {21r¢:z,N“2 - T}
g
(o),
E (o0 erp { - T
CgCq
< — 2"2N" exp {21ra,N"’} Zl am | exp {—-’Em}
9" CaCo

< KN exp {2wa,N—2}

where we have used (4.14) and the fact that the series for Dg(x) converges
for |x | <1. Combining this result with (5.23), we have

|R()| < exp {2xN-n} KN-* exp {27xa,N-"}

N 9’7
(5.4) [ dp = KN exp {2x(n + a))N-1}.
hkv -9’

The determination of ¢’ now rests entirely on the evaluation of Q@ (x).
To accomplish this we set w=N-2—4¢ in (5.22) and have, by (3.13), the
relation
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) T .k
Q (n) = exp {ZrN 2n} E Qn,x €Xp { — 21rm-;

A,

N~i-igrr Hp

(9) ()]

. f 'l‘I’h k(kw) z : a_,
pa=l

N300
(9)
2 2
(5.51) -exp {— vGrbi + —M d } exp {2xnw — 2znN-*}dw
keac, kw
N hY e
= > o ex {_ 2win 7} 3 exp {— G I,
Ak Vo=l
where
1 N 2 (0,
(5.52) 1I ;(.a,: (n) =— \Il;(.f;:(kw) exp {Mq_f_ + 21mw}dw
1 N k2cgc,w

and where the inner sum is to be taken as zero if us=0. By (4.33) we may
write (5.52) as

) o 1
Ing,»(n) = (—) —-
lo|gs/ i

N2t
. f w" exp {ZT(a, + n)w +

N3

5.53 0
¢ ) Zﬂ(tn)..k)’qﬂz
—_ (- ap)} .

k2cgcqw

We restrict our considerations to those ¢ for which a,+7>0. That is, we
leave undetermined all a“” for which o, =0 but determine all other a'”. This
restriction is necessary in order that a certain integral shall converge. We
cut the w-plane from 0 to — « along the negative real axis and consider a
path of integration encircling the cut in the positive sense and connecting the
points

— w0, —¢, —e— 30/, N2 — 4§, N2+ i/, —e+4 i/, —¢, — @

by straight lines where we take 0 <e <N—2 Then we can write

- cy 0 () —e —e—1i8’
) -
| o] gs —o —

N"2 590/ —e+i8’

T J i i It

1 lf—°°
‘i —e410’ i —¢
—Ll(:,:v(n) Ji—=Je—=Js—=Js—Js— Js

(5.61)
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say. All these integrals have the same integrand

2m(ohn)’gs?
-—-——2 (v - aﬂ) .
k%cgcqw

W’ exp {Zr(a,, + n)w+

The integral J, is to be taken on the border below the cut, Js above the cut.
In the integral J, we have w= —e+14v, 0=2v= —60’’, and

R(w) = —¢, R(1/w) = —¢/(2+ %) <0, | w| < 2112181,
and therefore '
(5.62) | 72| < 072712k~ "N-r < 2712~ IN-"1,

Similarly we have
(5.63) | 5| < 2712k,
In the integral Js we have w=u—140"", —N-2< —e<u#<N-? and
R(w) = u = N2, R(1/w) < 4%2, | w| < 212N

and therefore, using (4.14),

(9)
8 27,2
| 73| = (N-2 + )2712k—"N—" exp{21r(a,, + )N+ Srlons)es - a,,)}

CgCp
S.64 8 _
GO < aw-mrimeyr exp {21r(a., + m)N-2 + _"_‘1!"_2_9‘_‘__3‘_‘2}
7
< Kk~'N-"1 exp {2m(a, + n)N"2}
and similarly
(5.65) | Ji| £ Kk 'N-"1exp {2x(a, + n)N-2}.

Finally we have
1 —e

]1+J,=-_—f | | exp {— mir}
tJ o

(9)
2 2g9.2(y —
exp {2#(:1,, + n)w+ 7 (on.1)g’ (v — o) }d-w

k2csc,w

1 — .

(5-66) +—.f | wlrexp {1!’1«1’}
4 —€
(9)
2 2, 2(y —
- exp {2"'(0‘:; + n)w + ‘n'(tn.k) qs (] as)}dw

k2cgcqw - .

27 (onr)gs (v — as) } i
k2cgc b

= — 25in1rrf t'exp{—Zw(a,+n)t—
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where our restriction o, +7 >0 ensures the convergence of the integrals. Com-
bining (5.61), (5.62), (5.63), (5.64), (5.65), (5.66), and letting e—0, we have

(9) (9) Cq r
Ine,(n) =k Ly x.,(n +2k(—)
ki) (|«<v>|q,) k() EAr

(0)
2 2 —
-sin ‘l’rf i exp {_ 21’(&, + ”)t _ ‘I'(O'h.h) 952(” aﬁ) }dt
‘ 0 k2cgc,t

0<kr(——%’——) E~IN-~1exp {2x(a, + n)N"}).
‘ OAE ‘ qs
Introducing this into (5.51) and using (4.14), we obtain

h
Qm( ) = Z 9;";: exp {— 2xin 7} E a_, exp { - vG;.(a;:z}

(5.71) (Ia‘” ) {Litho(m) + Milo(m)}
+ O(N""l exp {2n(a, + n)N-t} EI Pl Z) k—l)
with

(9)

1 ")
(.1 L =— [ wrew {z,(a,+ nyw +
1 J_»

2x(ane)? g2 — a,)}

dw
k2%cgc,w

and

(5.73) M;(.";: »(n) =2 sinm'f tr exp{—Zw(a, + n)t —
[]

2 2 —
w(nr)’gs (v —cts) }dt.
k2cgc t

Now since > ) k-1 <N, we have, by (5.71), (5.21), and (5.4),
y )3 c r b8
(o) (9) r [ ®)
n = 2 O, —2win— o R \T—0>7— —»
a »Zk hkeXp{ win k} (l (”)|qﬂ) a.

Ohk re1
cexp { — WGhri} { L0 (m) + Mish.o(m))}
+ O(N-" exp {2x(a, + n)N-2}).

If we keep # fixed and let N tend to infinity, the error term tends to zero,
since r >0. Hence the series thus obtained converges and we have

h c r
(v) (9) . r 9
= Z 9;‘ k €Xp {— 2win —k—} k (m)

3% 6® exp { = vGIUY {LEL ) + M)
=l

(5.8)
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6. Evaluation of the integrals. We now express LY}, (n) and MY}, (n) in

terms of Bessel functions. In (5.72) the change of variable % =2w(ay+n)w
yields

(0 1
Lh’k,'y(”) = .
i(2x(a, + n))+
@ 4x2(ons)'gs*(v — a5) (2o + 1)
. f u" exp %+ du;
— k2cgcqu
hence we have, by a well known formula,*
(0) |r+1 ~41 (r+1)/2
(0 2r| o] g5 (v — ap)

Liks(n) = Lo (rED 2, (M1 /2 (~+1)/2
k (7] Cq (an + ")

. (41rl air| g6(0 — as)(ey + 7)) "’)
- E(cae,)!? ’

6.1)

where In(z) is the Bessel function of the first kind with purely imaginary

argument.
In (5.73) we set v=2n(a,+n)¢ and have

2 sin #xr
MO ) = —

(27 (g + n))r+t
© (o)

f { 4x2(o42)'qs*(v — ap)(ay + 1) }

. v exp {4 —v— dov
) k2%cgc v
(6.2) (0) |r4+1 r+1 (r+1)/2 .
_ 4| anr| g (v — ap) sin #r

ErHigglrtD I2g (D12 (g ) |- ) (D12

ar | onrk| 9o — @)l + n))"’)'
k(csco)'/? ’
where Kn(3) is the Bessel function of the third kind with purely imaginary

argument.t Now adding (6.1) and (6.2) and simplifying by means of the
formula}

* -K-f—l

™ kg
sin mvK,(z) + 5 I,(2) = P —(2),
we find the relation

* G. N. Watson, Theory of Bessel Functions, Cambridge, 1922, p. 181, (1).
t Watson, loc. cit., p. 183, (15).
1 Watson, loc. cit., p. 78, (6).
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Kk (.‘v_) (L () + M0 (m))
| o8| gs.

(9)
bk

(9) (r+1)/2 (r—1)/2
_ 27r| ov._k| gs(v — as) cy

keg™DI2(q, + m) (D12

1 (41rl ot | (v — a)(es + n))‘”)
™ k(cac )2 '

Using this result in (5.8) we have the following theorem:

TaEOREM 1. Let F(7) be a modular form of positive dimension r belonging
to the subgroup vy, and let its expansions (3.11) have only a finite number of terms
with negative exponent. Then the coefficients a,” of (3.12) for which ay+n>0 are
given by

(r—-1)/2

o0
) 2wc ) .k
gy =—"2 > Qi exp {— 2win —}
(ag + n) 01235 k
) (r+1)/2
Bg —_—
® @ .y | oni| gs(v — )
6. . _ —_ 1
6.3) ';1 a_, exp{ vGha, ki P

. (41r| ok | g (v — as) (s + n))‘”)

k(cgeg)M?

where 3=B(h, k, g) is defined in §4; cs and c, are determined by (3.11); as and o,
by (3.12); Q) is defined in (4.32); and GY) in (4.34). The F*(r) of (1.32) are
then given by (3.23).

7. Application to a particular subgroup. Many of the constants in (6.3)
depend merely on the subgroup v and are otherwise independent of the choice
of F(7). For this reason we can simplify the expression if we choose some par-
ticular subgroup v. As an example we consider the subgroup consisting of all
transformations

ar+ b

cr+d ’
For the region R we may take that part of the plane which is above the two
circles |[r—1/4|=1/4 and |r—3/4|=1/4 and which is within the circle
|r—1/2|=1/2. Then R has the three parabolic points 0, 1/2, and 1, but

0 and 1 are congruent under «v; so we have s=2 and take P,=0, P;=1/2.
Then we have

(7.1) T =

a=d=1, ¢c=0 (mod 2).

?1=0, ql=1, ﬁ2=1, q2=2.

Corresponding to the transformations (3.11) we have the two transformations
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’ ’

T 3r—1
7= ’ 7=
2r4+1 47 — 1

which may be written in the form

1 1 P 1 1 44
- ’ ‘r'—l/2—1'-—1/2 ’
so we have ¢;=2 and ¢;=4. The expansions (3.12) can now be written as
r a it m i
(7.21) F@) = (— i)z Zaf,.l)x , x = exp {—- r_};
[ T
. rar e (@) m i
(7.22) F(r) = (—i(r —1/2) %" D am = , x = exp {— }
S 2r—1

In order to determine 8(%, k, g) we find transformations (7.1) which trans-
form P,—k/c,k into Ps. We define %', b/, h’’’, and A" as any solutions of

(7.31) kW =1 (mod 2k), K >0, for k=1 (mod 2);
(7.32) kb’ = — 1 (mod &), k' >0, for k=0 (mod 2);
(7.33) (k—28)K" =1 (mod 4h), K" >0, for k=1 (mod 2);

(7.34) (; - h)hiv

and may take for @, b, ¢, and d the values given in the following tables.

i

1 (mod 2k), kv > 0, for k =0 (mod 4);

g k a b c
e —1
1 =1 (mod 2) 14 v 2K 4 2k
k
1 = 0 (mod 2) 3 Y 2h"
2 = 1 (mod 2) B (k — 20K — 1 20" + 4k
B 4h
k .
(e
2 = 0 (mod 4) B o 2k + 2h
k— 2h
2 = 2 (mod 4) h ’ 4R
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(9) (9) (9)

d B | oni | Oni Gh.k
W1y 2 =1 | 1 (h'k_1+1>w
h kh
1+ W'k N (2 + 2;1"/@)1r
3 kh
(k20K =1 _ ik 2 |—1 1 (—-hmk_l+1)r
2 1\ 2k

k .
)
2 k (h“'k -2, 1)
Eh T
4k + 4)
—_— 7T
Eh

2n" 1 4 |—1 —(

The values of of’) were found by means of (4.13) and G} from (4.34).
The series (6.3) can be shown to be absolutely convergent; so we may re-
arrange the terms. Doing this and making use of (4.32) and the tables, we get

o) Lo 1
e, = 212 a_y, Z — Ak,»(n)
=l k=0(mod2) &
>0

(v - ou)‘""”/2 (41((7 — ar))(n + al))”z)
N Ir+l
n + ajy k

(7.41) 1

T (@ (43}
+ — /2 a_y E — Ag,»(n)
2 el k=1(mod2) R
k>0

(o)™ (=g sy

where
k 14 Ak
OED e(h,—: 20",
0S A<k 2
(h,k)=1

{ 2wi oL )(Zh"k + 2>. o h}
. _—— - - _— 1 — m—r,
€xp % ay ay 14 bh [ L 2

)_1 exp {wir}

(7.42)

if £ = 0 (mod 2),
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’

Wk —1 Fk—1 \!

Am) = X (w, y 20 + 2k, ——— + k)

0Sh<k 2 h
(h,k)=1

2xi WE—1 ) ok
exp{——k-a1h+(az—v)< +1)1r‘l—2‘l"l«ﬂ—k-},

if =1 (mod 2),

(7.43)

if g=1 for all # such that oy +#» >0. Similarly, if g=2 and a;+#n >0, we have

@ ez L 1 (@, [v— a\"D/2
a, =2 T a_, E — Ag,,(n)

- k=2 (modd) 7+ a
k>0

3 (8r<(v — an)(n + a)'”*

+ 232 T 7A,§’3(n>

k2112 =1 k=0(mod4)
(7.44) >0
(v - az>('““)’2l (41r((v — ag)(n + az))m)
n + [~7} i k
1
+23% T —alm
=1 k=1(mod?) R
k>0
(,, — az)(r-i-l)lz (21((,, _ ag)(h + az))”z)
* In+l ’
n + (7} k
where
A:(f:(n)
k— 2h kR +1 -1
= > e(h, y 4h", + - 2h") exp {wir}
0Sh<k
(7.45) ¢
- _ { 2mi - )(2h"k+2). ori h
‘€Xp 4 — — - - — - n—"r
p P as a — v 7 i i k}
if 2= 2 (mod 4),
@
Ak ,(n)
(k/2—h)hiv—1 (k/2—h)hiv—1 &k )—1
= BV, —————————, 2hiv4- 25, +——h
OSZME ’ 2% ) 2T 3 M)
(7.46) &P
) { 2xi I )(h“k—z_H) . h}
-e —_—— —_— - n — )
Xp Z a2 azs—Vv ih T Y %

if k=0 (mod 4),
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(2)

Ai,»(n)
k—2hm)R'"—1 kE—2h)R"—1 -1
= Z € h"',‘(—z—-—: 2h'"+4h,.£———-)_-—2h+k)

0Sh<k 4h 2k

(A, k)=1
7.47
(7.47) { 2 )(hmk—l+4) . h}

——— — — " —
€xp Z asg ag—V 2k s e 2 ,

if k=1 (mod 2).

Equation (7.44) can be given a more symmetric form by changing the
indices of summation. In the first sum we set £ =2/ in the second k=17, and
in the third 2 =1/2. Then we find

@ 12 L 1 @
= T 2

n = 2 —y — Aai,»(n)
1 1= 1(mod2) b
>0
v — ap\(rHDI2 dr((v — a)(m + ag))!/?
(2™
n + ag 121/2
sy 1
+2 30l X — A
o] 1=0(mod4)
>0
(,, - a2~>(f+1)/2I (4.,((,, — a)(n + a,))”’)
n + [+7} r+i I
I 1
4+ 27 a(_'.) E —Al(/zz)-(”)
Yau1 1=2(mod4d) l
(7.48) >
(,, — a2>(r+l)/2] (4,,.((,, — as)(n + az))"’>
n + ag, r+ !
B . 1
R YD ST
-l 1=1(mod2)
>0
(v - ax)"‘“”’l (41"((1' — a))(n + az))”’)
n+ as T+ 121/2
pa 1
+20268 X —Alm
=1 1=0(mod?2) l
>0

(7))
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where

(7.49) V' = 2ifl=1(mod 2), /! =1ifl = 0 (mod 4), I = 1/2if]l = 2 (mod 4).
We now find the functions F*(7) of (1.32). If C is odd and D even, we take

+Br¥4d

+Dr¥C

for the transformation (3.21) where we take the upper or lower signs to make
+ D =0. This transformation takes P, =0 into 4 /C and it belongs to . From
(3.22) we find k= F1 and from (3.23) and (3.24) we have

©
F*(‘T) = eria,rfl(erif) = e¥iayT E am(l )erimr’

(7.51) m—1
e =e(+ B, T A, + D, F C)eFrirl2,
Similarly if C and D are both odd, we use the transformation
+ (B+A)rFA
T to+0rFC’

+(D+0C) 20,
and obtain

F*(T) = erialffl(e—rierif) = erialf Z (_ l)mam(l) erimr,
(7.52) Mm=—puy

e = e(i (_B + A), F A’ + (D + C)’ F C)C:Frir/2e—ro'a,.
Finally if C is even, we use the transformation

_ +(4+2Br T (4+B)
T E(C+ 2y FC+D)

which takes P;=1/2 into 4 /C and find

+(C+2D)=z0,

©

F*(1) = 2-re2xiayrf,(o—7igl¥it) = D—rel2wiayr -1 mam(2) egiximr
(7.53) ™ a( ) ,E_:“( ) ,

e = e(+ (4 + 2B), T (4 + B), £ (C+ 2D), F (C + D))eFririze=mios,

Making use of (1.32) we summarize the results of this section in the fol-
lowing theorem:

THEOREM 2. If F(7) is a modular form of positive dimension belonging to
the subgroup (7.1) and if its expansions (7.21) and (7.22) have only a finite
number of terms with negative exponent, then the values of af for a,+n>0,
(g=1, 2), are determined as functions of a® with n <0 by (7.41) and (7.48).

Also we have
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(7.6)

Ar + B . i —
o T D) = e*(— i(C7 + D))~"F*(1)

for any modular transformation v’ = (Ar+B) /(Ct+ D) where €* and F*(z) are
given by (7.51) for C odd, D even; by (1.52) for C odd, D odd; and by (7.53)
for C even.

8. An example. As a particular example we consider the function
(8.11) F(r) = @2(0] 7))
which belongs to the subgroup discussed in §7. From the theory of the theta-

functions we take only the following results:}

+ b |
‘c’: - d) = ¢(+ or + d)194(0| 1)

(8.12) 02(0

if @ and d are odd and ¢ is even where we take the upper or lower sign to
make +d>0 and where ‘

(8.13) ¢ = (%) exp {%'(bd + 5d — 5)};
1
(8.14) o,(o ‘ - 7) = (— in)V%,0] 7);
-1 .
8.15) (0 } T+_1) = (= ilr + D)3,0] 7);
(8.16) 0’(0| T) = 2e%irl4 4 2g9%iT/A - . . .
(8.17) 30| 7) =1 —2em7 4 - . . |

From (8.11), (8.12), and (8.13) we see that F(r) satisfies a transformation
equation of the type (1.11) with »=1/2 and

(8.21) e=e(a,b,c,d)=(-;t—;> exp {—-’;—'(bdisli—sil)}, +d>0,

for all transformations of the subgroup. By (8.16) we have

(8.22) F(7) = (2evir/s 4 2e97ir/a . . . )= = gTmir/a(e—2rir — J 4 .. .)
and by (8.14) and (8.17) we have

(8.23) F(—1/1) = (= i)™ 21 + 2e7 + - - - ).

On the other hand, (7.6) and (7.53) with A=D=1, B=C =0 yield

t See, for example, J. Tannery and J. Molk, Fonctions Elliptique, vol. 2, 1896, p. 262.
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F(T) = 6(1, — 1’ 2, —_ l)c—ﬁa,ezn‘a,rz—lIﬂf,(e—ﬁezﬂ'r)
(8.24) = 2-1tg-wiasgtriay 3 (— ])mg, (D gtrimr
Mg
and (7.6) and (7.51) with 4 =D=0, B=—1,C=1 give
(8.25) F(— 1/7) = (= #r)~V2eriar ) g, M erimr,

Mty

Comparing (8.22) with (8.24) and (8.23) with (8.25), we find
(8.26) 1 =0, ar=17/8, p =0, py=1, @ =212 wils oM =1,

Using these values we find that equations (7.41) and (7.43) now reduce to

—x 1 1 xnt/
(8.31) o =2 T —An)— I , nz1,
k=1 (mod?2) n3/4 k
k>0
where

KE—1 WE—1 \
Apxn) = X e(h', W+ 2 — +k)

(8.32) el
xi Wk — 1 .k
-exp {—?( o +l)"2ﬂ” _I;}’ k=1 (mod 2),

with 4’ defined by (7.31) and the € of (8.21). Similarly (7.48), (7.46), and
(7.47) reduce to

(2) —7/4 —=i/8 1 (?)
a, =2 Hpe™™ >, — Apan)

1=0(mod2) (n + 7/8)%4
(8.33) >
2x(n + 7/8)1/2
() "2 0
where I’ is given by (7.49) and
Ain(m)
k/2—h)hiv—1 k/2—h)hiv—1 k -1
(I, G by
0S A<k 2h k 2

(8.34) b=

Tei b wi (hvk—2 b
exp J Ttk _ 7 1) —2xin —¢, if k=0 (mod 4
exP{ . 8( kh +) i k}’l (mod £
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(2)

Ak.l(n)
E—2h) K" —1 E—2k) R —1 -1
= e<h"',(——{h—, 2h"’+4h,(—2)h———2h+k)
0Sh<k
8.35 P . .
{ i h 1rt<h"'k—1+1) o h} it k=1 (mod 2)
‘e - ——— —2rin — ¢, if k=1 (m ,
*P 4 & 8\ 2kh ™%

with 2’’’ and /iv defined by (7.33) and (7.34) and the € of (8.21).

The Bessel functions which occur in (8.31) and (8.33) are of order half
an odd-integer and hence may be expressed in terms of elementary functions.
Doing this we find that these equations may be written in the form

inh LY
sinh— 7
.36 o _ie—n'/s > 248 ) a
) " 27 k=1(mod2) B ntl/2
k>0
and
R
) smh—l- Q2(n 4 7/8))1/2
@) —xif8 vz (2
8.37) a4 =—e M40 () — )
( ) 27 zzo(z;odz) ! 1( ) dn (n + 7/8)1/2 J
>0

The expansion of F((4r+B)/(Cr+D)), for v’'=(4r+B)/(Cr+D) any
modular transformation, can now be obtained from (7.6). However we shall
consider only three particular cases from which we shall get expansions for
82(0] 7)1, 85(0] )=, and 94(0| 7)*. Two of these are to be found from (8.24)
and (8.25). We insert the values (8.26) and have

(8.41) F(T) = 2—1/2,—T7i/8,Txir/4 E (_ l)mam(2) e2rimr
Mma—1
and
(8.42) F(— 1/7) = (— ir)"12 Y g0 eximr,
M=

The third expansion is obtained from (7.6) and (7.52) by taking 4 =0,
B=—1,C=D=1, and the values (8.26). We then find

(8.43) F(r__-!-_ll) =(—it+ 1))—1/22 (= 1)ma M erimr,
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A comparison of (8.11) with (8.41), (8.15) with (8.43), and (8.14) with (8.42)
then yields the desired expansions

(8.51) 02(0| 7)1 = 2-1/2g-Twil8glrirls Z (= 1)man® erimr,
Mam—1
(8.52) 330 1)t = X (— 1) man D erim,
Mam(
(8.53) 0‘(OI 1')"1 = Z AV e™imT,
Mam(
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