
ON THE COEFFICIENTS OF CERTAIN MODULAR
FORMS BELONGING TO SUBGROUPS OF
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BY
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1. Introducton. The Fourier coefficients of modular forms F(t) of posi-

tive dimension have been determined J for the case in which Fir) belongs to

the full modular group. It is the purpose of this paper to generalize some of

those results to the case where F(t) belongs to an arbitrary subgroup of the

modular group subject to certain restrictions.

By F(t) belonging to a subgroup y we mean that F(r) is analytic in the

upper half-plane /(t) >0 and that Fir) satisfies a transformation equation

(1.11) Fir') = e(- iicr + d))—F(t)

for every transformation

(1.12)

of y. In (1.11) r, which we shall assume throughout to be positive, is the di-

mension of Fir) and e = i(a, b, c, d) is of absolute value one and depends only

on the transformation (1.12). If c^O we take c>0, assign

(1.13) - y < arg (- iicr + d)) < j,

and define (—iicr+d))~T as |cT+¿|~r exp { — ir arg (—¿(ct+¿))}.

In the case of the full modular group, a Fourier expansion for F(t) was

found by considering a parabolic transformation which had infinity as fixed

point. In the case of a subgroup y we must consider a set of parabolic trans-

formations such that no two of the fixed points of the transformations are

equivalent under y. For these fixed points we take parabolic vertices of a

fundamental region of y. The expansions corresponding to the point at in-

finity are simpler than those corresponding to finite points. However, in gen-

eral, the fundamental region will have more than one parabolic point; so
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some finite points will have to be considered. In order to be able to treat all

the expansions symmetrically, we choose a fundamental region which does

not have the point at infinity as a vertex. We then show, in §3, that F(t) has

a set of expansions of the form

F(t) = (- i(j - P.))'**5: oi"*" = (- i(r - P0)Yx°°fa{x),
(.1 • ¿) m

x = exp { - 2Tti/c„{T - P„)}, g = 1, 2, • • • , s,

corresponding to the parabolic points P„.

In order that 5 in (1.2) be finite we assume that y is of finite index in the

full modular group. This is the only restriction that we place on y. We make

use of the fact that the subgroup is defined by its fundamental region and

hence do not need any arithmetical characterization of it. That is, the exist-

ence in 7 of all the transformations which we use is an immediate conse-

quence of the form of the fundamental region.

To the conditions that r is positive and that F(t) is analytic for I(t) >0

we add the restriction that F(t) shall have only polar singularities, measured

in the uniformizing variable x of (1.2), at the points Pa. That is, we assume

that only a finite number of aOT(e) with negative m are different from zero. In

§§5 and 6 we find expressions for the am(i) for «î>0 in terms of the am(e) for

m<0.

The expansions (1.2) which we obtain are Fourier expansions in the vari-

able (t —Pff)_1. These expansions can be transformed into usual Fourier ex-

pansions in the variable t. We consider any transformation of the full modu-

lar group

At + B
(1.31) r' =-

Cr + D

and write

(1.32) F(t') - e*(- i(Cr + D))~'F*(t)

where F*(t) depends on the choice of the transformation (1.31) as well as on r.

In §3 we find an expression, (3.23), for F*(t) in terms of the f„(x) which is,

in fact, a usual Fourier expansion in r since, by definition, we have

/«(*) = l^am x .
m

In particular, we can obtain a usual Fourier expansion for F(t) itself by choos-

ing the identity transformation for (1.31).
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In §7 we specialize the results of §§5 and 6 to the case of a particular sub-

group, evaluating all the constants which depend only on the choice of y.

In §8 we consider the function #2(0 |t)_1 which belongs to the subgroup of §7.

From the F*(r) of (1.32) we then get expansions for #2(0 \r)~l, #3(0 |t)-1, and

#4(0 |t)_1. This particular function is considered because it was partially

treated by Hardy and Ramanujan.f They considered only the expansion

of #4(0 |t)_1 and obtained results which compare with ours in the same way

as their results for the partition function compare with those obtained by

Rademacher.f

2. The fundamental region. We choose a fundamental region R of 7 which

we shall keep fixed throughout the discussion. Although we could use any

fundamental region, we find it convenient, for symmetry, to choose one that

does not have the point at infinity as a vertex. This choice is clearly possible

since the subgroup y is of finite index. Such a region R can be obtained from

a fundamental region R' of 7, which has the point at infinity as a vertex, by

subjecting R' to a transformation of 7 which takes the point at infinity into

a finite point and which does not take any of the finite vertices of R' into in-

finity.

Under 7 every real rational point transforms into a real rational point or

infinity. Since every real rational point is equivalent to a point of R, we see

that each is equivalent to a real rational point of R. Also every real point of R

is a parabolic vertex; so we see that every real rational point is equivalent

under 7 to a parabolic vertex of R.

Some of the parabolic vertices of R may be equivalent under 7 thus form-

ing cycles of more than one vertex. We pick out a representative vertex from

each cycle and name the vertices Pi, P2, ■ ■ ■ , Pa. Since the Pg are real

rational points, we can write

(2.1) Fy = —>     (P.,q.) = l,    q.>0, g = 1, 2, • • • , s.

3. The functions f„ (x). Corresponding to each parabolic vertex P„ there is

a transformation of 7 which may be written

1 1
(3.11)-—-^+c°, c°>°-

T      —    Pg T    —    Pg

Putting this transformation in our standard form, we have

t Asymptotic formulae in combinatorial analysis, Proceedings of the London Mathematical So-

ciety, (2), vol. 17 (1918), pp. 75-115; also S. Ramanujan, Collected Papers, pp. 276-309.

X On the partition function p(n), Proceedings of the London Mathematical Society, (2), vol. 43

(1937), pp. 241-254.
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à-l{q0capg + qg2)r - ô~hgp2
T    =-,

b-lq?caT + b-x(qg2 - cgpgqg)

where ô = 'qgcap„+qg2, c0pg2, q2ca, qQ2 — cgpgqg) = (qg2, cg). However this is a mod-

ular transformation; so its determinant is unity. Hence we have

?»4 - c2p2q2 + c2p2q2  = ô2, S =  + q2 ;

so qg2 divides cg and we may write the transformation in our standard form as

(cgPg + l)r - cgP2
T     —-■  •

CgT   +    1    —    CgPg

Then, by (1.11), we have

Fir') = e(- i(cgr + 1 - c,P,))-'F(t),

or, writing T = {r-Pg)-\ V = (r'-Pa)~l = T+cg,

„(_!_ + ,.) . «-.,. <*";+■'-»-' F(l + „ \.
\r + Ci      7 (»2-)-'       \r       7

Defining a, by ec*<r/2 = e_2,r<a», (0 ^a„ < 1), we have

exp j^p (r + e.)|(«(r + 0)^(^7 + p«)

= exP{^r}(^(l + P0)

and therefore obtain a Fourier expansion

^«a^     ")               / 1             \       _    (,)          Í"      2irimT\
exp^---rWiTyW — + PJ = Dai.   exp-j-\

or, going back to the variable r,

F(t) = exp 1-— V I-— 1   ^ am   exp <-— V
{ Ca T —  Pg)    \T — Pgl        m K Cg        T —  Pg)

= xa«(- *(t - P„))r2]öm x

with x = exp J —2iri/(cg(T—Pg))}. We place the restriction on F(t) that only

a finite number fig of terms have negative exponents and write
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00

F(r) = (- ¿(r - P.))'*"»E al0)xm = (- ¿(r - P.))'*<*/,(*),

(3.12)
( 2ttî        ï

x = exp <-—-} , g = 1, 2, •• ■ , i.
I      c„(r - P„)J

The functions/„(a;) are regular inside the unit circle except, when m9>0, for

poles of order ¡a, at # = 0. The functions

(3.13) Peix) = a\x ""+••■+ a_i *~ , g = 1, 2, • • • , s,

are the principal parts of the /„(#) at x = 0. We understand Paix) to be zero

if/u0 = 0.

In the following sections we shall determine the aj;e) in terms of the con-

stants of (1.11) and (3.13). The functions P*(t) of (1.32) are then found as

follows. We consider the point ^4/C where A and C are the coefficients of r

in (1.31). If C^O we take C>0 and the point is a real rational point. If C = 0

the point is the point at infinity. In either case .4/C is congruent to some

parabolic vertex P¡ of R, where I is determined by ^4/C and hence by the

transformation. Therefore we can find a transformation

air + ¿>i
(3.21) r' =-—, exèO,

C\r + di

of 7 which takes Pe into the point A ¡C. That is

aipg + biqa       A

c\pg + dxqq        C
hence

(3.22) aipg + biq0 = kA , C\pa + dxqQ = kC■

Solving these equations for pa and q„, we have

pg = niAdi — Cbi),        qq = niCa\ — Aci);

then, since (/>„, qa) = 1, we have k = ± 1. Using these equations and the fact

that the determinant of (3.21) is unity, we find

(kpar + diB - biD\
a» I-:—^- ) + h

At + B \Kqer + a-J) — c\B

Cr + D (Kp9T + dxB - bj)\
ci   -:-^-; )  t- di

/KpaT + dxB - biD\
i (-) + d

\Kq0r + aj) — c\Bf

then, by (1.11), we obtain the relation
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/Ar + B\ /        /    /KpgT + dyB - biD\ \\~T

/k#,t + diP - ixZA

\/cgBr + aiö — ciP/

Now applying (3.12) to the function on the right and simplifying, we obtain

(Ar + B\                                       (   irir)          Í   2viqa )
F (-1 = e(ai, bi, C\, ¿i) exp < k-> exp < k-a„(ai£> — CiP) >

(2iriqq2       )
■ (- iiCr + D))-rqf exp <!-— aaA

<f   (,>        /   27r¿gg                           |          prtg.»      |
• 2-« a»>   exP i K-m\aiD — C\B) > exp <-mr >
m—n V £0 / \     Cg }

I   wir\           (   2iriqa ■)
= «(ai, ii, Ci, di) exp < k-> exp <k-aaiaiD — cxB)>

■ i- iiCr + /)))"'?,-' exp |-^- «eT|

(I   2wiqs                       )            Í2iriqq2   \ \
exp <k-iaiD — dB)> exp <--t> 1;

therefore we have

P*W = q„ rexp |-a0r\

(         I   2iriqq                       )           Í2iriqg2   ) \
■ fgl exp <k-(aii> — CiP)> exp <-t> 1,

(   irir\           (   2iriqg )
(3.24) e* = e(ai, ii, Ci, ¿i) exp < k-> exp < k-a„(aiZ) — CiB) > .

4. The transformation equation. In order to make use of the transforma-

tion equation (1.11) in the next section we shall need it in a special form.

We consider all rational real nonnegative numbers h/k, Qi, k) = \, k>0,

ÂèO. Then by (3.12) we have, with r =Pe-*/(ci(»z+A)),

(3.23)

(4.11)

/e(exP |arl(^ + i)}) = exp { - 2Hm§f± + ^))

■(     k     Yp(f.-      *     Y
\Cgiz — ih)/      \ Cgiiz+h)/
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NowPj- k/cgh is a real rational point and hence is congruent under 7 to some

parabolic vertex Pe of R where ß=ß(h, k, g). Then there is a transformation

of 7,
öt + b

t  =-,
ct + d

where a, b, c, and d are determined, although not uniquely, by h, ft, and g,

which takes Pg — k/cah into Pß, that is,

qß      X   \qg       cgh)        J X   \qg      cQh/ j

We have seen that qg2 divides cg, so we have

(4.13)

ö(- Pgh —  k)
\qg /

Cl   - pgh   —    k   J
\q0 /

+ bcgh = <fh,kpß,

+ dcgh = ch,kqß.

From these equations and the fact that h and ft are relatively prime, it follows

that <r(£'t divides cg, which implies

(»)
—   Cg    S    Oh,k   ë    Cg,(4.14)

Using this transformation we have by (1.11)

ft

ÇA,i  5* 0.

F   P -)-0-l(-i(^e
c&

Cg(iz + h)/ cg(iz + h)
+'))■

a(j

(4.15)

C„(¿Z  +   ft);
+ Ô

K'-
= (¿ö-(-

ce(iz + A),
+ Ö-

(i)

•F   P/.+

. c<,(<Pí + d)iz + o-h.kqß
i-

Cg(iz + h)

kcgiz

')'

o-h!kqß(c0(cPg + d)iz + ai%qß),

where e^i = e(a, b, c, d), the e of (1.11) associated with the transformation

determined by (4.12). We now apply the Fourier expansion (3.12) to the

function on the right in (4.15), combine it with (4.11), and obtain after some

simplification
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= {ehlk)  'exp-cVl — Sh,k) — >

,.  ..                                     (      2irt"/             o-h°kqß(cPg + d)aß\\
(4.2) .exp|--(^ft +-——J!

/      Ciz      V        pTT/ aß(a'!k)2qß2      l\\

' feiexp u\a'z -    cßcg    tJ;

•/J exp ^ -— ( ff*,*Ç/j(cPe + ¿)* + ——— — U I

J27T/ aß(o-h,k)2qß2      1

\ ft \ c^cr,

CTW    i'
kCß

where 5$--l  if <r$>0 and 8$-l if cr$<0. The factor involving 8$

arises because we have combined three  factors into the  single factor

In order to simplify the notation we write (4.2) as

(4.31)

where

ft (exp  < 2iri (— + izjf)

_(»)T(i), ,,. /       /_(</).       2ir(cf*,t)V    1\\     .      „,.   ,    .
= Q*.t*Ä,*(z)//j( exp-JG»,**-■-> ),  0 = ß(h, k, g),

\ \ kCßCg Z    J   /

(4.32)

Aa) / (ff)\_i (,. „(»>,  """"I
"*,t = («*.*)     exp< (1 — 5hlk)->

C     2xi/ o-h.kqß(cP0 + d)aß\\

.ap{-—(r,t+-_-j|,

(4.33) «Qh - (t^V-) «P £(„, - ^^ i-)V ,

(4.34) Gi'l - - —- cr^cP, + d).

We note that 1ß$ | = 1 and that G$ is real.

5. A convergent series for an(e). In the following we shall let ^2£t desig-

nate a sum over all h and ft such that 0 ̂  ft < ft ̂  A7 and (ft, ft) = 1.

We let N be a positive integer and have by Cauchy's theorem

(»)        i    r fa
2«./    a;

dx
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where we take the integral over the circle \x | = e-2rN~2 in the positive direc-

tion. We make the usual Farey dissection, of order N, of the circle and set

x = exp { - 2icN~2 + 2vi(h/k).+ 2tcí4>)

on the arc corresponding to h/k. We then have

«,)      A Ç""-/„(exp { - 2ttN~2 + 2*ijh/k) + 2wùj>})

K,kJ-e>  exp { - 2irN~2n + 2iriinh/k) + 2winq>\
d(j>

h,kJ -6-

= exp {2irN~2n} E exp < — 27r¿» — >
h.k \ k )

Ce"    (         (      /h       ikiN-2 - i<t>)X\\ ,
•   I      /„I exp  < 27r¿ I-1-1 > 1 exp { — 2vinq> \ a\j>

where 8' and 0", which depend on h and k, determine the end points of the

Farey arcs. Equation (4.31) now yields the result

a[0) = exp {2,rA-2«} E 0$ exp { - 2tt¿« —1  f    *{°likiN-2 - up))
h.k K k ) J -f

(5.1) ,   („K
./        Í   c»>.        2irjo-h,k)V 1 | \

■^{G^—k^g— kiN^-wír» {~ 2xm*}¿*

withß=ßih,k,g).

Now fßix) is dominated by its principal part Pßix) near x = 0; so we put

03)    m
Dß(x) = fßix) - Pßix) = E«»*

m—0

and split (5.1) into two parts

(5.21) ¿'^Q^W + R^in),

where

.   . N I h \

Q° («) = exp {2¿rN~2n} E Ûk exp ^ - 2™» — \
h.k \ k )

(5.22) f     ^(K-V-2-¿^))

(K)

¿C^C„ Ä(iV_2 —  ¿0)

and where i?(e) (») is given by
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Rie\n) = exp{ 2irN~2n} ¿ ü[°,l exp / - 2tt¿« —1   f    ^h%iN^ - ùp))
h.k \ k  )   J -8'

( I  (f).      2t(<t£)V 1 \\

H63* r-* —k^g- kiN-2-i*)¡)

• exp { — 2win<t>} d<f>.

We can now make an estimate of 22(e)(w). From the theory of Farey frac-

tions we have

1111
(5.3) - <9'<-, -<0"<-;

2kN kN 2kN kN

hence for — 6'^<j>^d" we have

RikiN'2 - up)) = kN-2,       R[-) ^ —,
\kiN-2 - i<t>)J      2

| kiN~2 - ú¡>) \ ^ 21<2N~1.

Using these results we find, by (4.33),

t^'/^at- 2       .A\n /        L-(e)-      2"-(ff*'*)V 1 1\|•mWt . - ^))^(exP |Cm.- ^ I

á 1-1^-2^-'exp ¿2™,A- _ —&à V I

A I      W)| ( x(o-*,t)V )
• 2^ I a».   I exp <-m >

m—0 \ CßCg )

= fl 2W*iy-» exp {2iragN-2) ¿ I <U  | exp { - — wl
?/ m-0 (        CßCg       )

Ú KN-'exp {27ra„A-2}

where we have used (4.14) and the fact that the series for Dßix) converges

for |* | <1. Combining this result with (5.23), we have

| R(°\n)\  ^ exp {2irA-2«}AA---exp {27ragN~r}

(5 4) N   r'"
¿2 \      d<t> = KN~r exp {2*in + ag)N~2\.

The determination of af now rests entirely on the evaluation of Çf»'(»).

To accomplish this we set w = N~2 — i<p in (5.22) and have, by (3.13), the

relation
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Ql'\n) = exp {2vN~2n} ¿ Ük°l exp í- 2irin— \
h.k \ k )

N~ —io" **«
.T(»),,  .v»   m
Í^A.iíftw)^ ö_,

N~*+i$' 1>-1

(5.51)

where

7.
C           („)         27r(<rÀ"ik)2ç/52     v   ) . ,

•exp < — kGa,*î H-> exp (2ir»w — 2-KnN~2\dw
\ kCßCg kW   )

=  2- ß*.*exp < — 2xtw —> ¿^ a— exp { — vG*,,*t }/»,*,►(«),
*,* v « /   »-1

(5.52) Ih.k.,{n) =— I ^*,t(«îc) exp <-\- 2irnw>dw
i  JAT*-,-»" (. k2CßCBW )

and where the inner sum is to be taken as zero if /¿/s = 0. By (4.33) we may

write (5.52) as

(5.53) Vl-ftl^   .

f r Ut S '      M**.»)V  , Ï•   I wr exp < 2ir(ae + n)w -\-(v — aß) > .
J AT-2-!»" I k2CßCeW )

We restrict our considerations to those a^ for which afl+M>0. That is, we

leave undetermined all a^ for which ae = 0 but determine all other a„\ This

restriction is necessary in order that a certain integral shall converge. We

cut the w-plane from 0 to — « along the negative real axis and consider a

path of integration encircling the cut in the positive sense and connecting the

points

- oo,  - i,  - « - iB", N-2 - id", N~2 + id',  - e + id',  - e,   - oo

by straight lines where we take 0 < e < A7-2. Then we can write

1   c (0+)

1   çN-'-iS"       i    /.-

i   J-,-i6" i   JN~

1     /*-« 1     /* —

i J-.t+ie> i J-,

«Ti I ?# -

—  ¿A,*,f(«)  — Jl — J2 — Ji ~ Jt — Ji — Jo,
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say. All these integrals have the same integrand

wT exp < 2ir(a„ + »)«> -\-{v — aß)>.
\ k2CßCgW )

The integral J\ is to be taken on the border below the cut, /6 above the cut.

In the integral J2 we have w= —e+iv, Oäu^ — 6", and

R(w) = - e,        Ril/w) = - é/(e2 + v2) < 0, | w| = 21'2k-1N-1,

and therefore

(5.62) | /s| á e"2"i2k-rN-r < 2r'2k-*-1N-r-1.

Similarly we have

(5.63) |/,| g 2"**-r-W-^-1.

In the integral 78 we have w = u—id", —N~2< —e^u^N~2, and

P(w) = m^A-2,        P(l/w) ^ 4¿2, | w| ¿ 2l'2k-1N~1

and therefore, using (4.14),

( 8r(<r$)V 1
I /« I ^ (#-2 + t)2"2k-'N-* exp\ 27r(aa + »)A-2 +-^_^1_ („ _ a/J) L

( CgCß )

(5.64) C                                 2>ircaq£(jxg — aß)\
g 2N~22rl2k-rN-r exp ^ 2* (a, + w)^-2 H- —- J-

^ Kk-^N-r-1 exp {2ir(a„ + m)JV-2}

and similarly

(5.65) I /4| á Kk-r-lN-r~l exp {2ir(ae + »)7V-2}.

Finally we have
1   /*_«

/1 + /e = — I       I w r exp { — ir¿r}
1 J -«,

/, ,    .   *       2*(.*k%)tqf(r - <*ß) 1
exp  < 2ir(ag + n)w -\-—— -fdw

(ff)s

k2CßCgW

1 r~°° 1(5.66) H-I       I w|rexp {«>}
¿     ^-C

(0   .       . '          .   2jr(<rÄ,*)2qß2iv - ocß)\
•exp <2wiag + n)w -\->dw

\ k2CßCgW J

c °°      í ,    2x(A",l) v(" - «*) )
= — 2 sin irr I    ¿r exp < — 2iriaa + n)t->

J   « l k2CßCgt )
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where our restriction aa+n >0 ensures the convergence of the integrals. Com-

bining (5.61), (5.62), (5.63), (5.64), (5.65), (5.66), and letting e->0, we have

Û'Un) = ki^-Sû'Un) + 2<T^T-)r
\ I "h!k I q» ' M n.k I qß /

f" { 27r(ff(Ä.*) V(» - <*») \
•sin irr I     tT exp < — 2ir(a„ + n)t->dt

Jo \ k2cßCgt )

+ °(kT(T-TT\-") k-^N-^ exp {2x(a, + n)N~2}Y
\     \ I «hi \ qß I '

Introducing this into (5.51) and using (4.14), we obtain

Q ° (») = Z) ®h,k exp < — 2-Kin — > É a_„ exp { — vG^t}
h.k \ k ; „_i

(5.71) • ft'f-p-^—Y   {£#„(») + MUM)

+ O ( A7—1 exp {27r(ae + ») A7"2} £ | «_,' IE*-1)

with

/. ^     r<«>   /  N         1    r(0+)                  /o   /              n      ,   M^)!?^(^-c«S)|
(5.72)    £».».,(») = — I W exp ^ 27r(a„ + n)w H->

t    J-X K k2CßCgW )

and
(»)>

(*>                             /""           l                                 2w(a\k)2qß2(p-aß))
(5.73)   M¡t(«) = 2 sin *r 1    r exp^ -2x(ag + n)t-\^¿^±-'J_ldL

J0 \ k2CßCgt )

Now since E***"1^, we have> by (5-71)> (5-21)- and (5-4)>

(.) ^0<«> i       „    .      h\s( Cg        X   ¿g,     01,
ö„    = 2-, ß*.* exP "í — 2xí» — > ft 1 ,   . . ,— J   ¿_, ö_,

h.k K k)      \ | <r\% | îs /   ,-i

•exp { - vGa^î} {£»?*,,(«) + Mh°k,,(n)}

+ 0(N-' exp {2x(a, + n)N~2} ).

If we keep « fixed and let A7 tend to infinity, the error term tends to zero,

since r >0. Hence the series thus obtained converges and we have

Ci)
on

(5.8)

A     (») ( *)     r/        C,        V
2^ ß*.* exp < - 2irtM — > £ 1  , ■-)
M I ft i       V I »ft I ff* /

Ê ö-, exp { — vGh'ki] {£„,*,„(») + Mh,k,,(n)}



1939] MODULAR FORMS AND THE MODULAR GROUP 311

6. Evaluation of the integrals. We now express Lt%,in) and A/a¿,„ (») in

terms of Bessel functions. In (5.72) the change of variable u = 2wiaa+n)w

yields

Lh.kAn) =
ii2iriaq + n))*+l

/•<»+>              C         4x2(o-<^)V(,-a/))(a,+ «)
•   I        uT exp <u-\-

J _«, [ k2CßCgU

hence we have, by a well known formula,*

-     I      <<0 |f+l  r+1 (r+l)/2

(e)   . . 2tt I Ch.k |     qß   jv — aß)_

h.k.,W    - (rt.l)/lc  <•+«/«(«     _|_  M)(r+l)/2

(6.1)
/4tt I ffh.k 1 gg((y - «g)(«„ + w))    \

¿(c<¡C,)

where 7m(z) is the Bessel function of the first kind with purely imaginary

argument.

In (5.73) we set v = 2ir(ag+n)t and have

(„j 2 sin irr
Mh.k.vin) -

O(ot + «))-+x
(v)

»r exp < —
4x2(o-4,t)2g/(»' - «#)(«„ + ») )

k2CßC0v

(6-2) I     („)|,+i,+i .(r+D/2    .
_ 4 | o-Al* |     qß   (v — aß) sin irr

Ji'+V'^'V4""'^«. + n)W2

4tt I o-*'* | ^((v - afi)iaa + n))     >/4

KCßC„)1/2

where A"m(z) is the Bessel function of the third kind with purely imaginary

argument.! Now adding (6.1) and (6.2) and simplifying by means of the

formulât

sin irvKriz) + — I,iz) = — I-yiz),

we find the relation

* G. N. Watson, Theory of Bessel Functions, Cambridge, 1922, p. 181, (1).

t Watson, loc. cit., p. 183, (15).

X Watson, loc. cit., p. 78, (6).
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\ ni qß'n.k l qß <
-      I       (e)|        , . (r+l)/2   (r-l)/2
2x | <Th,k | qßiv — aß) Cg

W+V'2iag + n)W2

/4x | ffh'k 1 qßijv - aß)jag + n))    \

'  r+1 \ HcßCgY'2 )'

Using this result in (5.8) we have the following theorem:

Theorem 1. Let F{r) be a modular form of positive dimension r belonging

to the subgroup y, and let its expansions (3.11) have only a finite number of terms

with negative exponent. Then the coefficients a„lo) of (3.12)/or which aa+n >0 are

given by

0     0--D/2
(„) ¿ITCg

a.
(«Í + n)

■-E ^h°.k exp < — 2-Kin — >

(g.  ,.                               ^    09)         (         „(o).x\o-h,k\qßiv - aß)
(6.3) • E a-, exp { - ,G*.t*}-J^^i-

/4x 1 o-h"k 1 gg((y - ag)(«g + «))     \

'  r+1 V ¿(^„)1/2 /

wAere ß =ßih, k, g) is defined in §4; cß and c0 are determined by (3.11) ; aß and aQ

by (3.12); Q?j ¿5 <fe£nerf ¿« (4.32); and G$ ¿« (4.34). PÂe P*(r) o/ (1.32) are

iÄew given by (3.23).

7. Application to a particular subgroup. Many of the constants in (6.3)

depend merely on the subgroup y and are otherwise independent of the choice

of F(r). For this reason we can simplify the expression if we choose some par-

ticular subgroup 7. As an example we consider the subgroup consisting of all

transformations

ar + b
(7.1) r' =-1 a = d = 1,  c = 0 (mod 2).

cr + d

For the region R we may take that part of the plane which is above the two

circles \r —1/4 | =1/4 and \r — 3/4 | = 1/4 and which is within the circle

\r —1/2 | = 1/2. Then R has the three parabolic points 0, 1/2, and 1, but

0 and 1 are congruent under 7; so we have s = 2 and take Pi = 0, P2 = l/2.

Then we have

pi = 0,        qi — 1,        pi = 1,        q2 = 2.

Corresponding to the transformations (3.11) we have the two transformations
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T 3r- 1

313

T     =

2t+ 1

which may be written in the form

1       1

T7 = T + 2'

4t - 1

1

1/2 1/2
+ 4;

so we have cx = 2 and c2=4. The expansions (3.12) can now be written as

* = expj-^j;(7.21)    F(r) = (-zr)V1   2>"*"

(7.22)    F(r) = (- i'r - 1/2)) V ¿ A", * = exp {-—} .
m=-M I 2t -   1 )

In order to determine ß(h, ft, g) we find transformations (7.1) which trans-

form Pg—k/cgh into P#. We define ft', ft", ft'", and Aiv as any solutions of

(7.31) kh' =■ 1       (mod 2h), h' > 0,  for ft - 1 (mod 2);

(7.32) kh" =■ - 1 (mod ft), h" > 0,  for ft - 0 (mod 2);

(7.33) (ft - 2A)A"' s 1       (mod 4A), A'" > 0,  for ft » 1 (mod 2);

(7.34) (-AjAiv = 1       (mod 2A), Aiv > 0,  for ft = 0 (mod 4);

and may take for a, b, c, and d the values given in the following tables.

= 1 (mod 2) A'
A'ft - 1

2A
2 A' + 2A

0 (mod 2)
ft

T
2 A"

1 (mod 2)
(ft - 2A)A"' - 1

4A
2 ft'" + 4A

= 0 (mod 4)

= 2 (mod 4)

Aiv
(i--*)*,¥-

2A

ft - 2A

2Aiv + 2A

4ft''
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A'ft- 1
+ ft

1 + Â"ft

(ft - 2A)A'" - 1

2A
- 2h+ k

(a)
o~h,k

- 1

- 1

Ä(ff)
Oh.k

(a)
iJh.k

/A'ft - 1        \
(-+ l)x
\     ftA /

/2 + 2Â"ft\

V      ftA      /

/A'"ft - 1        \
(-■+ l)r
V    2ftA /

(j-*y
+ — - A - 2

/Aivft - 2       \
(-+l)x
V     ftA /

ftA" + 1
2 ft"

/4A"ft + 4\

\      ftA      /

The values of o»¿ were found by means of (4.13) and Gj¿¿ from (4.34).

The series (6.3) can be shown to be absolutely convergent; so we may re-

arrange the terms. Doing this and making use of (4.32) and the tables, we get

(i) (i)
= 27rEö_,        E       —Ak,,(n)

v-l ib=0(mod2)        ft

*>0

(7.41)
\n + aj \

4ir((» - a,)(n + ai))i'2N

*■      Ä   »)      ^        1     (i)

¿\r-i/im r^1 t = i(mod2)    R

k>0

v - a2\(r+1)/2       /47r((»- - at)(n + an))

\n + aj \ k2"2

l/2\

where

(7.42)

(i) v-     /     k l + Ä  ft\_1
AkA») = 2^ e[h>-7' 2h"r—;—)   exP \*ir\

osa<*   \     2 A      /0SA<
(A.*)-!

f     2wi (2h"k + 2\ h\
■ exp < —-aiA — (ai — v)\-) iri — 2irin — > ,

I      ft \      kh      ) k)

if ft = 0 (mod 2),



(7.43)
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(i) —     /      h'k - 1 h'k - 1 \-»
Al..(n) =   E   «(a',-,2h' + 2h,--— + k)

o¿h<k   \ 2 h /
(A,*)-l

{     2x¿ (h'k - 1        \ h \
■ exp <-aih + ia2 — v) (-\- 1 ) iri — 2win — >,

{       k \    kh / k )

iik=l (mod 2),

if g = 1 for all n such that ai+n >0. Similarly, if g = 2 and a2+n >0, we have

,(r+l)/2(2) (r+3)/2     Ä      (1) ^ 1 (2) /»'   —   aA(
a„    = 2 x2_,0—      E     —^ *.»(»)(—:-)

»_1 fc=2(mod4)     « \» +  «2/

fc>0

/8x((*   -   Oi)(»  +   «2))"2\ ^      (2) 1 (,)
• Ir+i (--—- ) + 2x E a-,       E      — ¿*.»(»)

\ ßZ   " / „=i 4=0(mod4)    «

/v - a2\(r+1)/2       /4x((y - oi)(» + a2))1,2\

\« + aj \ k /

i        V»    <2>       V^ 1    ¿(2V  ^+ x 2^ «-»       2^,   —-4 *.►(«)
,=1 Jfc=l(mod2)     «

*>0

^ - a2\(r+1)/2T     /2x((k - a2)(» + as))1

where

/? - a2\Cr+1)'2       /2x((x - ai)(n + a2))1/2\

\» + 02/ \ k / '

-4*,„(w)

_     (    k - 2h            kh" +1 W .      .
=   E  «U.-' 4*",-2A")    exp {x¿r}

OáA<*    \ 4 A /

(7.45)
(     2x¿ /2A"¿ + 2\ h)

■ exp <-a2h — (ai — v) I —-) x¿ — 2x¿» — > ,
\      k \      kh      / k)

\ik = 2 (mod 4),

Ak,,{n)

a%h<k

(7.46) l*'*>-1

^     /       ik¡2-h)h>"-\ ik/2-h)hiv-í     k      V1
=   E   íUiv, —-'  2h"+2h, —-h-h)

o£h<k   \ 2h A 2       /

(    2x¿ (hivk-2      \ A)
•exp  <-a2h+ia2 — v) (-1-1 )xt — 2x¿w —> ,

K      k \     kh / k)

if ¿ = 0 (mod 4),
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AkA*)

OgA<lfc

(7.47)        <i'i)-1

„     /        (ft-2A)A"'-l (ft-2A)A'"-l V1
=   E  Ah'",--r,-' 2h'"+4h,--±-2Â+ft)

oéh<k   \ 4A 2A /
A,i)-1

Í    2« /A'"ft-1      \ A)
exp  <-a2A+(a2—y) I---\-l )wi—2irin —>,

\      ft \   2ftA / ft J

if ft=-l (mod 2).

Equation (7.44) can be given a more symmetric form by changing the

indices of summation. In the first sum we set ft = 21 in the second k=l, and

in the third ft =1/2. Then we find

(2) „<r+l>/2     Ä     (1) ^ 1        (2)
a„      =   2 7T 2v Ö-» 2^ —^21,-W

*-l Isi(mod2)     í

iw((i> - «l)(« + «,))"*>

(7.48)

/„ _ aA(H-l)72        /4lr((„ _ ai)(w + a2))l/2\

\n-+~a~J Ir+\ W2 j

^      (2) ^ 1 (2)+ 2ir 2^ ö_v    2,    —AiAn)
*— 1 ¡S0(mod4)     í

Z>0

v - «2)(« + a2)yi2\

I

/v - a2y'+1>'2 /4tt((

\« + aj r \

i    o    V»    (2)        V 1    Am   I  \+ 2ir2-¿a-'      2-     —Am An)
*_1 ¡=2(mod4)     I

l>0

v - a2\W'2 /4ir((x - a2)(n + a2))1/2>

\» + a2/ \

ir+l>/2    ¿i,     (1)        .^^ 1        (2)
= 2 ir¿s-,       2^      — ArAn)

y—l ¡=l(mod2)     I

(v - a1\<'+'"s       /4ir((» - ai)(« + a2))lt2\

\n + a2/ \ nm

.     „      Ä      (2) -c^ 1     , (2)   .   .
+ 27T 2^ ö_,       2v      —AvAn)

,_1 ¡=0(mod2)     í

¡>0

/v - a2\<^)'!        /4t((i» - 0|)(» + «2))1/2\

■UtJ   /r+iv       î       ;
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where

(7.49) I' = 2liil = 1 (mod 2), /' = liil a» 0 (mod 4), V = 1/2HI =. 2 (mod 4).

We now find the functions F*ir) of (1.32). If C is odd and D even, we take

± Br + A
T    =

± Dr + C

for the transformation (3.21) where we take the upper or lower signs to make

±D^0. This transformation takes Pi = 0 into A¡C and it belongs to y. From

(3.22) we find k= +1 and from (3.23) and (3.24) we have

CO

F*ir) = eTiasfiieTiT) = e"'ia'r E amil)e,rimT,

(7.51) m=-pi

e* = e(± B, + A, + D, + C)eTrirl2.

Similarly if C and D are both odd, we use the transformation

±{B + A)r + A

T ±iD + C)r + c'
and obtain

±iD + C)^0,

F*(r) = eri"iTfiie-rieriT) = eTias   E (~ l)mamwerimT,

(.7.52) m=-n

e* = «(+ iB + A), + A, ± (Z> + C), + O^'i'/V*'««.

Finally if C is even, we use the transformation

± {A + 2B)r + (A + B)
r' =- , ± (C + 2D) ^ 0,

+ (C + 2D)r + iC + D)

which takes P2 = 1/2 into A/C and find
oo

F*(r) = 2-re2TiaaT/2(e~Tie2TiT) = 2-re2iria*T ^ (— l)mam<2) e2,rimT,

e* = e(± 04 + 25), + (.4 + 5), ± (C + 27J), + (C + D))^'*''*^*:

Making use of (1.32) we summarize the results of this section in the fol-

lowing theorem :

Theorem 2. If Fir) is a modular form of positive dimension belonging to

the subgroup (7.1) and if its expansions (7.21) and (7.22) have only a finite

number of terms with negative exponent, then the values of a„ for a0+n>0,

(g = l, 2), are determined as functions of a„  with n<0 by (7.41) and (7.48).

Also we have
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(Ar + B\

(7.6) ^(cvTö) = É*(~ i{CT + D))~'F*{t)

for any modular transformation t' = (At+B)/(Ct+D) where e* and F*(j) are

given by (7.51) for C odd, D even; by (7.52) for C odd, D odd; and by (7.53)
for C even.

8. An example. As a particular example we consider the function

(8.11) F(r) = (MO | t))->

which belongs to the subgroup discussed in §7. From the theory of the theta-

functions we take only the following results :f

/    1 ar + b\
(8.12) tMO    -) = e'(± er ± d)l/,*i(0  t)

\    | er + d/

if a and d are odd and c is even where we take the upper or lower sign to

make ± d > 0 and where

(8.13) e' = (í-i) exp |^(M ± Sd - 5)} ;

(8.14) 0,(o I-) = (- fr)l'V4(0|T);

(8.15) ¿2(o I -^—) = (- *(t + 1))WV,(0| t);
\      I   T +  1/

(8.16) *î(0| r) = 2e'"/4 + 2e9*iTl* + ■ ■ ■ ;

(8.17) #4(01 t) = 1 - 2e™ +

From (8.11), (8.12), and (8.13) we see that F(j) satisfies a transformation

equation of the type (1.11) with r = 1/2 and

(8.21) e = t{a,b,c,d) = (—^) exp j- — (W ± 5á - 5 ± 1)1,   ± d > 0,

for all transformations of the subgroup. By (8.16) we have

(8.22) F(t) = (2e™/" + 2e9'"'4 +•••)-! = eTTir/4(^e-2Tir _ i + . . . )

and by (8.14) and (8.17) we have

(8.23) F(- 1/r) = (- ¿t)-1'^ + 2(5**' H-).

On the other hand, (7.6) and (7.53) with A =D = \, B = C=0 yield

t See, for example, J. Tannery and J. Molk, Fonctions Elliptique, vol. 2, 1896, p. 262.
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Fir) = e(l, - 1, 2, - l)e-"a>e2ria>r2-li2f2ie-rie2™)

(8.24) -
= 2-l,2e-Tia>e2*iatT E (— l)mam<2>e2T<mr,

m—mi

and (7.6) and (7.51) with ^=D=0,P=-1,C = 1 give

oo

(8.25) F(- 1/t) = (- ir)-1'^"^ E flm(1)e""-.

Comparing (8.22) with (8.24) and (8.23) with (8.25), we find

(8.26) «i = 0,    «2 = 7/8,    m = 0,    M2 = 1,    oL2i> = 2-1'2e-"'8,    o0<" = 1.

Using these values we find that equations (7.41) and (7.43) now reduce to

(8.31)    a„   = 2     xe ¿^     — Ai<,i(n)-r7Á h/A —— )» «èl,
*=l(mod2)   * «3/4 \    A   /

where

A'A - 1 h'k - 1       V1

(8.32) (Ä.t)-i

a) _    /      A'A - 1 A'* - 1       \"
¿m(») =   E  «(*',-r— > 2h' + 2h,-■-+ A)

oá*<* \ 2A A /
(*.*)-i

(     iri(h'k-\        \ h) ,
•exp <-1-r- 1 ) - 2x¿« —> , £ = 1 (mod 2),

I.      8 \    kh / k)

with h' deñned by (7.31) and the e of (8.21). Similarly (7.48), (7.46), and
(7.47) reduce to

(2) -7/4      -T./8        ^ 1 (2)
a„    = 2       xe 2^       — -4l'.l(«)

l-0(mrft>     / ' («+7/8)3'"

(8.33) ^
/2x(« + 7/8)»^

• Ps/2 ( - ), « è  0,
\ Í21'2 /

where V is given by (7.49) and

Ak.iin)

(8.34)

„     /     (A/2-A)Aiv-l (A/2- A)Aiv-l      A       \->
=   E  «ÍA«* —-,    2A-+2Â, —-+-A)

o£Ï<k   \ 2A A 2       /
(A,*)-1

(     7x¿   A      x¿/Aiv£-2       \ .     A) jjx
•exp <-1-hi ) — 2xt» — >, if k=0 (mod 4),

I      4     A       8 \    ¿A ) k)
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AkAn)

(ft-2A)A'"-l

(8.35)

4ft

Ti/h'"k-

, 2h'"+U,
(ft-2A)A'"-l

2A
-2A+A r-   E   <(>

(h,k)=l

(     7tí   A      Ti/h'"k-l      \ h)
•exp  <-(-f-1 J -2irin — } , if ft = l (mod 2),

l       4     ft       8 \    2ftft / k)

with h'" and hiv defined by (7.33) and (7.34) and the e of (8.21).
The Bessel functions which occur in (8.31) and (8.33) are of order half

an odd-integer and hence may be expressed in terms of elementary functions.

Doing this we find that these equations may be written in the form

íq ™\        (1)       1   ~Til
(8.36)      an    = — e

2x

and

2,      ft   AkAn)
¡fc=l(mod2)

k>0

dn

(8.37)      an    =—e ¿_       I   4,m(»)—
2ir z=o(mod2) dn

J>0

sinh— w1'2
ft

«1/2

sinh— (2(»+ 7/8))l'2

(n + 7/8) i'»

The expansion of F((At+B)/(Ct+D)), for r' = (At+B)/(Ct+D) any

modular transformation, can now be obtained from (7.6). However we shall

consider only three particular cases from which we shall get expansions for

02(01 t)-1,^I t)-\ andtf^Ol-r)-1. Two of these are to be found from (8.24)

and (8.25). We insert the values (8.26) and have

(8.41)

and

(8.42)

F(t) = 2-1i2e-7rilse7"T'4 E (~ 1)"W2> e2"

F(- 1/r) = (- ¿t)-1'2!^"«'

The third expansion is obtained from (7.6) and (7.52) by taking ^1=0,

J3--1, C = D = \, and the values (8.26). We then find

(8.43) F(-)  = (- i(t+ 1))-1/2E (- l)m»»U)«***"*•
V +   1/ m=0
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A comparison of (8.11) with (8.41), (8.15) with (8.43), and (8.14) with (8.42)
then yields the desired expansions

(8.51) ¿¡¡(Oír)-1

(8.52) #3(0 It)-1

(8.53) #4(0 It)-1

University of Pennsylvania,

Philadelphia, Pa.

= 2-1'2e-',Tilse7ririi E (- l)mamme2rimT,

«■■" 1

00

= E (- i)mamwe*imr,

m=0

00

= E am<»eTimT.


